83 | imits cf Functions

21 'Defin'rﬁon

-Defin'r(:lon .01 (ln%vmal)

(f fw 3€ES closer and closer to a real number L as = 32&2 closer and closert 4o <
fmmlocsﬁr\ sides., then L is called +the limit of-fbo at ¢ , and wewv’rﬁe.iil’ncfw=L.

/

feo

4
F

/
(

1T Note : a e bk m‘uslec«:lirj ?

f(c) maa NoT eral 4o L, even 1t may be uw:le‘-finer:l ?

..Defin'rﬁon 3.2

Let ASTR,cbe_aclusEer‘Poiwb cf A anrd f:A—»TR be a:ﬁw\cﬁon.
LeR is sad 4o be'ﬂr\elimrbcgfab‘t)/\e.?oiwbc f

vYeso , I38>0 stt. |f(ﬁo-L|<£ Y xehA with o<lx-cl<8

Meam'wﬁ: No wmatter how Swmall € o a‘we_ me. , e, x#c

é
[ can qlwauas -f!v\d Sso st ﬁ % s a 'Fom'b with o<dist&x.c)<8
+then f(x) lies i the € - Htnel (S-V\eia‘/\bo\rb\oed of L)




Esw«mF[e. 0.1
lf f(x)=7c+l ,-flvxcl _chim-f(x).

oAq o499 o0.999 ( |.oc01 [.Ol

t < o4 0499 o.999 l (.ool (.ol (. /l
feo 14 (949 1gga =2 20001 2o 2| / : >~
f(vo‘l'evds—hlasx-fev\e\s—tol.
We  wvike iim{?(—;g)= P
’Remartts :
O + The able °"'(8 8?ves an ixtutive Tdea , buk NOT a Y‘i%ovous "Pma‘f 2
2) Do NST regavd as 'PV\'H'YV\S =1 e -feo and 62& =f(0=>. !
Exaw?le. 0.2
Le‘h 'f(x) be a "F/w\cﬁon deﬁv\ecl log_ ‘f&)=%‘l— X N
We. can rewrite ‘f os the -follow‘ms:
=G0
P & | rf X #| % f
'f(x) = 2
(AV\Qhﬁnte lf =1 \
>

(.1

=<
feo 14 199 19949 uvdefned 2.00l 2.0l
f(x)‘&evds +0 2 as x tends to I.

(Rt , we. do NST cave  what kaP'r.ms when ~ =1 2)
We wyite -j-eoa.

ComFare. witth the ‘F\ﬁeviov\s examFle 14

‘im
x>l

2.0



p.& -0.1 -0.0l —0.00I =) 0.00l| O.01 O.1

-f(:d o o o ( o) o) o
N

Do NOST care 2

hwx —f(x) =0 which  does  N&T eiual <o —f(o) = .

x>0

E&tamFle. 314 %;

Let §='R\(03—*TR clefwed ‘oé —fm=—.,‘@— )
Y=F&

p.& -0O.1 -0.0l —0.00| O.00l| Q.01 o.1

o)
3
—jeo 1o 1o (c° W\oleﬁne:l 1c° (o lo

feo 4tends to 4o (NGST a veal number) as » tends 4o o.
li_v)no—f(-n does NoT exst.

(BWE Some <till  worie lim -f(vo=+°°.)
A0

Theorem  2.1.1

0 lf k I8 a constant . then J_i_v:\c kfk\reﬁmdes:l as Constant fw\cﬁion -fcoek.

2) |'|m x=C
L*->C

'Deﬁn'rﬁon 3.0.3 (lnf:mnal)
lffbo ﬁéEs closer and cdoser to a redl nmberLcsxae&sc(oseraml

closer +o < 'fvom the ﬁsh‘(: (YESP. Ief(:) haed side , then L s cdlled -the

viah-b (vesF‘ Ief't) hand  limit. of )eeo at c.
We dencte '°8 Nim, foo - L CresP.ii_v)nc_fw-L).

?Lv



‘f(o) =0

Remark :

'Kiﬁk(: hand lime and |ef(-, hand  limte cjz a fw\c(:ion at a FOMb are. NGT V\ecessava
4o be the same !

Theorem  2.0.2

I feo b o JimeFeo - fin feo oL

2.2 Njebm’ic Properties cf Limrks

Theorem 3.2.1

i both lim feo and il_v;ncaeo exist (Very 'umro((-mrt aSuwrFtionB) ,then
W g Feo+geo = i Feo + Jip, geo

@i Feo - g0 = Jig, Feo = Jip, geo

@ Jig Feogeo = Jim Feo - i geo

S | dmfe
@ I, e 'L:? § liw, geo o



Eyam?[e. 3.2.10

Fnd  lim 20-5
x>

'Bla Q)
O) &g}v&:l . SO _!iglx =_!£Q1(x~x) = i_ngx 7[(:_»:;1 =22 =4
'B% @)

® |im?>=?>, |im7(.1=1-l-,So lim 2o = fm 2 - lm X =3 4 = 2

Eo s o s A2 2% P ESY

By

® lmzt-=02, lim 5:5, so lim3-5Y a3 -lim5:=N-5:3

252 LS2 A2 A2 A2

But what we write -

lim 25
P >%

2
2(limx)-5
by & >N
3.0 -5
:’.

ExamFle. 32.2

Find [ 22-£

[ 22-8 ’E'T'Bf_g - 3@%")}'8 _2--8 5
-3\ x-2 i'-"ﬂ -2 (Jtim|x)_')_ - -2

Ca‘/taol’\ OD
H seems that tt makes no diﬁ’eveme bxa 'Fu:ﬂunj %=1, and “*hen
) > -8
i 2228 215 .5
But , think careﬁ\”‘a | et Je(vc):%’%_ . _how do You know Jcl-":u -feo =f(|) 2
Tlnivﬂs will_become clear when we discuss cowbiv\u'rba cf fmc(:ions?



Eyan‘e_ 323

A A= +2

Note : ii:\l L2y 4 = O . S0 we cannct use @&).

E% @
[iwn B oY R [P ¢ ST ¢ =30 N W !g.",’: X+l 2
A>( L -3x+2 x> (x-1) (=-2) T 23 A= lim w2 -]
2
x|

“x=1#o and civision can be done ?

ExamPle. 324
Let $RAET >R defined by Foo=E

=1
Find _ll_m'fﬁo .

[N 2 I P FaEY B 2. CSome‘Hainﬂ like. vetionalization )

x> X -1 =31 -1 FL

- ‘ x-1
3 D@D
= i L
13: F+1
=L
Y
ExavnF‘e. 3.2.5
| k) \ '
o { _: . = | s A s | ~ )
1'("'—‘90 = = _,(&on = _im = 7I&v\° == = © vlg‘o == = © ngﬂmnﬂ wrong,

lim xl,_ does NOT exist, So we camnct use ) at Gk) .

(->o



2.3 TRelation Rehueen Limris cf Seﬁsaences and  Functions
Theorem 3.3.1
Jti_v:\cf&)ﬂ_ s VY Sequence {an} with

onfc YneN and vl\i;n“an-:c, we |have v!i_v:;f%):l_.

4 g=je0

/1 :

* x
/ < QA

In fact , f we want to show i FeosL Tt s quite impossble to check infirikely
w\avua sear,\enc_o.s. This statement is msefml n_ veverse divection :
(D) Ff 3 {ad st. Yli_v)n“anac . but V!Lm“-'f(a.‘) does NGOST exist ,
then lim ;f(x) does NST exist .
ASC
2 K 3 fad.fhd st lm ae=linbo=c, but fin @ £ fio Fon
“then -:lcl-?c_-f(w does NST exist .

ExavnF‘e. 233 4
Let $R=R defined by |

f®={l rf <e®

o .-? <eR\® i &

33

t seews the %vurk consists oT’ +wo

Consider seguences {ad , fb.} elefmd lo(a Sbm&jkb lines , but ™ 'fac‘(: infim‘r(’e(a
Qn = ,LL e® , bu= “'7% ER\® many, lholes are theve.

Then lim an = lim ba =0, buck V(\I_V;l“'f(ﬂn)=kv:s”l =
3 ﬁlnof(x) does NOBT ewist .
Acbwallva, wrth e modt-ﬁca-aor\, , we can show -ll?c;fw does NOST exist VceR.



Exercise 3.3.1

Le'l: fk—’k dz‘f\ne.d El&

Sin% 1—f X#0
foo -
o "r? xX=0

Shows  that _Li:-o;f(ao does NST exist .

Hist . Consider seguences fa} . fb.l b«a
] -

= by = ———
An = ‘ " Qn+iim

24  Sandwich Theovem ‘for Functions

Theorem 3.4.1

lf :fbos 3(1)51«\.(1.) V xe R {c3  and ll:ncfﬁo =’l;ugckbo =L, then Ln;\cabo =L .

Geometvical meav\iv% :

Wa

‘3=“\(?0 [in fac‘h the resutt 15 still trve f
j?bos 3(1:) s he holds in an open rrttevval
L+ %=%@Q C.ov\'ﬁaininj c bt 'Fosi‘ola_ enceF(: c.
oo
Cc Tz

E.xamrle_ .41
Rove that lim Leos’ - =0

A->0
Note that o= -x."cos‘% € and lim o= lim <o

A->0 A—->0

Bla Sanduwich  theorew |,

liwa x"'cos“—;_ =0 .
A->0

Remark :

Sandwich  theorem con be Senemlized —+o (ej‘l; and ﬁﬂb\‘b hand  limi€ .
Let :Y,g,h ‘RoR be "f\w\cbloms and ceR

lf Jews ﬂ(x)sl«.(x) -for adl v<c (x>¢) and iw_’nc_-'feo =,ljl‘,“c-k°° =L (Egéfw =li:ne_l'\bo = L)
then i‘;"cﬁw =L (iwgc+gu) =L) .




—n'\enrem 340

allf-"c feo o & kgclfwl =0
prosf-

"« Suppese thatlim Heol - o

Note. that -lfeol sfm < lfeol VY xeR\{cl  and _E_»;\c-lfﬁbl =’|Ll_w(\c |f(70| =0
b-a Hre sandwidh theorem |, _’llr_nc f(:x) =0

T Swﬂ:ose. that _,lg\:\c ‘feo =0,

Then Jim L5691 = (fim $0) - him $e0) = 0.0 = 0

Note -Hhat lf(z)l =,theo]’
= L ool = Jim AEfeoT
(:)/Jﬁgc[f&ﬂ; ) is true becouse °§ = is
=do a.fm\cl:\ov\ﬁ\d'b'ls cortinuous at o .

=0

ExamF(e_ 4.2

By considering “the previous +theorem with f(:0=x, we have lim x=0 & lim Ixl=0 .
8 vﬁ .F PEYY %<0

Bmmrle_ 343
Rove that lim ~ cos
Note Hhat -l < cos

L1 VxeE, 0)ue, L)
“bls skl VxeR
-xls xcos & shxl V¥V xe%. 0l

Also  lim -kxl = lim xl< o
A->0

A—>0

b«a e sanduich theorem , lim ~ cos

|
— =0
A>o x




|. Sin %
im —= = |
x>0 x

D) Consider 0<'>c<-.§- . we have
Brea of AORC < Area cf sector OAC < Prea o]Q AGPR
Lrisinx <« v < Lritanx

Sinx < X < tanx
| S

v 3

Sinx < cos « < Sinx
. & x

Sint
CosS X < = < |

2) Consider -E<x<0 , we have
Let ta=-x_,'(:hen o<«a<-§_- , So

c0$|a<iv“a'a'—<l

cos (-x) <-Si"‘_% < |

Sinx
(o} —
Cos X < - < |

" 'Bua W and ), cos x<s‘%< LV xeE, 0)u, L)

Also lim cos x. = liw\ =10,
A->0O A0

lma “the sandwich Hheorem i S |
x>0 X

Bmwxrle 4.4
Find liw\ Sin3 |
x>0 prd
lim Sn3% _ lim Sin3x 3 _ 3 .3
XS0 pra xS0 Dy 2 2 2
B«amFle_ 345
Bind Iivv\ Cos ax —Cosloxt
*2e = atb b
- N -2
lim CoOSrx-cosbx _ | 2SN 3 <SS
XSO Prae x>0 -
snatby  ginbay
= lim a(arbyk-a)
A0 x x atb b-a
Y 2
b-a




3.5 Lwmts at lnjiwba
'Defin'rﬂon .51 (IVM()

(f feoje:ts closer and closer 4o a veol wumber L as-xse& l:iﬁser-aml biager
(os xﬁoes‘ba +00) , then L s caolled the limit of fc-x.) at oo We wrte lwm Feo= L.
( Similar deflnreon :)ebr ﬁr_n‘fbﬂ) )

%JF
From the gaph . we. have L__/_\_____
Iy ool bt FoosM. s .
g

im_m‘fbo and lﬂa_&‘f(eo ave NOST necessary +5 be +he Same !

Howevey 39 J&, w‘f(-x) = lim oo =L , some sivtha virke. XE':EN foo=L.

b & 2

Examrle. 5.1
Let f&)=—|.i ’ "X.:#O .

Then lim oo = lim $Foo =0,
A+ A~

or siwrPl.a wyrike, J_i’s:“ -fe:o=o.

(3'?
g=feo

QY

Theorem 3.5.1
D B ko, then Jtm“;{; <o

X
2 lm (+d) -e
A~¥+400

(NoT sur?rislnﬁ as vl\lg\“ (l+-J\-)n= e)



36 Njebrajc "R-oFevaes ci)e Limits — at lnfln’rha

Theorem 3.6.1

i both lim feo and J[ﬂaﬁw exist (Veny imro((:mrl: asuwvlsl:ion.”) ,then
D Feo+ geo = im_feo + Jin_geo

@ Jinfeo - geo = Jim oo = Jin_ge0

@i Feogeo = Jin_Feo - Jm_geo

@ i Je0 o Jmfe § Jim_geo#o.

) —_—
:L-N-coﬂ Jlﬂ_ﬂﬂw

Sim\|ar‘ YESu\"ES l‘\olcl 'fbr limits at -eo .

N 2
Fra Jl_s;r\me “~ -
1'—’.“-&@ e # hM e /BGH/\ liMTES dO?S NO—T exist .
L >+eo

= | 3

= lim —m—
A

X (+_"f+73-

= 2

= lim ————
X3+ [+0+0O

=3

ExamPle. 2.6.2

. A4
Find illnﬂ S il Y|
N pr &I

[im
stes 0 D+

T

"
0




Conclusiov\ B
i'f "FOO and g0 are 'Folgmwﬁo.ls
'F(-:O = amxm+a,...'xw'-+--.+a,x+a° with. am#o (e deg "F(x) =m)
%(70= bnx“+an_.x“"-+---+lo,x+b., with. bato (e deg %(v()an,)
“hen

+oo /-0 If m > k

. ) Q, . -
im"'g%= = § mek
O fm.<|<

Similar vesute as te cose 1 lnits cf Se?uew.‘es.’

EMW\‘FIQ- .63
L X
Find i ey
‘(__,deﬂ (

hm

X>-00 N4aC |

e nwshla, 623 (
= hm

-t
<= L e

= limrt  Should exist 2

=JL‘_T_“ ( (Cntkelona x*<O > IT:_’(T)" =_J__.g)

-‘;%;-Jll-fﬂ
=l - ——
x> -0 J@
=-1

2

Fo“ouo'wﬂ s dea, we are 5oinj +to compare. exrmew(-:\al 5uncetons ard -Folanowaals.

“Theorem 3.6.2

k
D lim xke™ o lim l-x=° . ’fhr‘ avua kso .

A+ X~5+0c0 (=X

X~>+c0 L+

'Rouahl«a sreak-ing : PAs Yo+ , e 8ms ‘-fas-ba\r ’ -Hon av% 'Folavxowﬁa‘
’Procff can be done when L' HGF‘:Ja.l 'S rule is coveved.

2) hw\ "F(x) e_"‘: hM "Eé—e-,% =0 'fbr‘ avua 'Folanowﬁa.l 'F(x) .



33 Limks (nvo‘vinj e

Exam?le RFN

Find hW\ 1+ L )x
A+ p ol
< Lx-+%
liw  C(le—t—) = lim (141
A+ 2| A+ 2%~
2%-1_~4 L
= I . | *
Jtm [(l+21-‘ )y ] Ut oet)

o
R

v

Emele. .E2
Find lim (|+L_x_)7c

A~

= ‘3=-x , a8 A=>-o00 , |6_—;+en

. -'a
Do G ) = b C1-g5)
. 9 %
alr)n+co( %" )

- Jip e Gl

Y—>+oo

e - |

= e

Rewark: From the above wmrle, we  know ng\m (I+L_x_)x=e.

Exaw?le FE3S

-FTV\A lim C l+-x)-°\c

x>0

| <t ‘a=-§z ., a3 x>0 , (a—u-.oe (Nst onl‘a +o0 , bt alse - )

|im (l-\-vc)%z = hwm (l+—L)‘<‘L =e
xX~>0 ¢6->:|=ee %



2.8 Sandwich Theovem at (vf’m’rba
Theorem 3.8.1

Let f,ﬁ,h :R>TR be ‘fw\c'blons.

lf fﬁos 3(1)5'«(«.) fov' al xe® CQCﬁ;allaz La,+x) is sa,\ﬁdewb)
and _‘Lw_:of(:u =J;w:;hm =L, then _1!'3;360:[_ i

Geometvical me.av\ir% :
4 1
g=heo

-‘é=i\w\
—

Simﬂar YQSMH', 'l\oHs 'fbr lim'rks at -w.

ExamFlc R.8.1
Find lim €*sinx
A=>+teo
Since -l <ssinzsl and €550
€' sSsinxs e’
Note : lim -€*: lime™:=0.
A4+ A+

Ba'ﬁl\e sanduidh theorem |, ng\méxsin'zﬁo.




